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On doubly warped product immersions
Morteza Faghfouri and Ayyoub Majidi
Abstract. In this paper we study fundamental geometric properties of
doubly warped product immersion which is an extension of warped
product immersion. Moreover, we study geometric inequality for dou-
bly warped products isometrically immersed in arbitrary Riemannian
manifolds.
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1. Introduction
Warped products were first defined by Bishop and O’Niell in [1]. O’Niell
discussed warped products and explored curvature formulas of warped prod-
ucts in terms of curvatures of components of warped products in [8]. B. Y.
Chen [3, 2] studied the fundamental geometry properties of warped product
immersions. In general, doubly warped products can be considered as a gen-
eralization of singly warped products[10, 11]. A. Olteanu [7], S. Sular and
C. O¨zgu¨r [9] and K. Matsumoto in [5] extended some properties of warped
product, submanifolds and geometric inequality in warped product manifolds
for doubly warped product submanifolds into arbitrary Riemannian mani-
folds. In this paper, we extend some properties of warped product immersion
obtained in [3], geometric inequality and minimal immersion problem studied
in [2, 7] to doubly warped product.
2. Preliminary
Let N1 and N2 be two Riemannian manifolds equipped with Riemannian
metrics g1 and g2 , respectively, and let f1 and f2 be a positive differentiable
functions on N1 and N2, respectively. The doubly warped product N1f2×f1N2
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is defined to be the product manifold N1×N2 equipped with the Riemannian
metric given by
g = (f2opi2)
2pi∗1(g1) + (f1opi1)
2pi∗2(g2)
where pii : N1×N2 → Ni is the natural projections. We denote the dimension
of N1 and N2 by n1 and n2, respectively. In particular, if f2 = 1 then N11×f1
N2 = N1 ×f1 N2 is called warped product of (N1, g1) and (N2, g2) with
warping function f1.
For a vector field X on N1, the lift of X to N1f2×f1N2 is the vector field
X˜ whose value at each (p, q) is the lift Xp to (p, q). Thus the lift of X is the
unique vector field on N1f2×f1 N2 that is pi1-related to X and pi2-related to
the zero vector field on N2. For a doubly warped product N1f2×f1 N2, let Di
denotes the distribution obtained from the vectors tangent to the horizontal
lifts of Ni.
Lemma 2.1. Let N = N1f2×f1 N2 be a doubly warped product of Riemannian
manifolds N1 and N2. If we put Ui = −grad((ln fi)opii) then the Levi-Civita
connection ∇ and curvature tensor R of the doubly warped product is related
to the Levi-Civita connection ∇0 and curvature R0 of the direct product of
(N1, g1) and (N2, g2) equipped with the direct product metric g0 = g1 + g2 by
∇XY = ∇
0
XY +
2∑
i=1
(〈X i, Y i〉.Ui − 〈X,Ui〉.Y
i − 〈Y, Ui〉.X
i) (2.1)
R(X,Y ) = R0(X,Y ) +
2∑
i=1
{(∇XUi − 〈X,Ui〉Ui) ∧ Y
i
− (∇Y Ui − 〈Y, Ui〉Ui) ∧X
i}+
2∑
i,j=1
〈Ui, Uj〉X
i ∧ Y j (2.2)
where X i is the Ni-component of X and X ∧ Y is defined by
(X ∧ Y )Z = 〈Y, Z〉X − 〈X,Z〉Y.
Let φ : N → M be an isometric immersion of a Riemannian manifold
N into a Riemannian manifold M . The formulas of Gauss and Weingarten
are given respectively by
∇˜XY = ∇XY + h(X,Y ); (2.3)
∇˜Xη = −AηX +DXη (2.4)
for all vector fieldsX,Y tangent toN and η normal toN , where ∇˜ denotes the
Levi-Civita connection on M , h the second fundamental form, D the normal
connection, and A the shape operator of φ : N →M . The second fundamental
form and the shape operator are related by 〈AηX,Y 〉 = 〈h(X,Y ), η〉, where
〈, 〉 denotes the inner product on M .
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The equation of Gauss of φ : N →M is given by
〈R˜(X,Y )Z,W 〉 = 〈R(X,Y )Z,W 〉+ 〈h(X,Z), h(Y,W )〉
−〈h(X,W ), h(Y, Z)〉, (2.5)
for X,Y, Z,W ∈ Γ(TN).
If a Riemannian manifold M is of constant curvature c, we have
〈R(X,Y )Z,W 〉 = c{〈Y, Z〉〈X,W 〉 − 〈X,Z〉〈Y,W 〉} (2.6)
+ 〈h(Y, Z), h(X,W )〉 − 〈h(X,Z), h(Y,W )〉.
The mean curvature vector H is defined by H = 1
n
trace h. For a normal
vector field η on N, if Aη = λI for some λ ∈ C
∞(N), then η is called
an umbilical section, or N is said to be umbilical with respect to η. If the
submanifold N is umbilical with respect to every local normal vector field,
then N is called a totally umbilical submanifold.
A submanifold N is called minimal in M if the mean curvature vector
of N in M vanishes identically. A submanifold in a Riemannian manifold is
called totally geodesic if its second fundamental form vanishes identically.
Let φ : N →M be an isometric immersion and f ∈ C∞(M). We denote
by ∇f and Df the gradient of f and the normal component of ∇f restricted
on N , respectively.
Let ψ a differential function on a Riemannian n-manifold N . Then the
Hessian tensor field of ψ given by
Hψ(X,Y ) = XY ψ − (∇XY )ψ (2.7)
and the Laplacian of ψ is given by
∆ψ = −trace (Hψ) =
n∑
i=1
((∇eiei)ψ − eieiψ), (2.8)
where e1, . . . , en is an orthonormal frame field on N . If ∆ψ = 0, then ψ is
called harmonic.
We denote by K(X ∧ Y ) the sectional curvature of the plane section
spanned by X,Y .
Lemma 2.2 ([4]). Every minimal submanifold N in a Euclidean space Em is
non-compact.
Lemma 2.3 ([4]). Every harmonic function on a compact Riemannian mani-
fold is a constant.
Lemma 2.4 (Hopf’s lemma. in [4] ). Let M be a compact Riemannian n-
manifold. If ψ is a differentiable function on M such that ∆ψ ≥ 0 everywhere
on M (or ∆ψ ≥ 0 everywhere on M), then ψ is a constant function.
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3. Isometric immersion of a doubly warped product
Let φ : N1f2×f1 N2 → M be an isometric immersion of a doubly warped
product N1f2×f1 N2 into a Riemannian manifold M . Let hi denote the re-
striction of the second fundamental form to Di, i = 1, 2. Denote by trace hi
the trace of hi restricted to Ni, i.e.,
trace hi =
ni∑
α=1
h(eα, eα)
for an orthonormal frame fields e1, . . . , eni of Di.
The partial mean curvature vector Hi is defined by
Hi =
trace hi
ni
, i = 1, 2 (3.1)
Definition 3.1. An immersion φ : N1f2×f1 N2 →M is called Ni−totally geo-
desic(resp. Ni−minimal) if hi (resp. Hi) vanishes identically. And φ is called
mixed totally geodesic if its second fundamental form h satisfies h(X,Y ) = 0
for any X ∈ D1 and Y ∈ D2[4].
Definition 3.2. Suppose that an immersion M1ρ2×ρ1 M2 is a doubly warped
product and φi : Ni → Mi, i = 1, 2, are isometric immersions between Rie-
mannian manifolds. Define a positive smooth function fi on Ni by fi = ρioφi.
The map
φ : N1f2×f1 N2 →M1ρ2×ρ1 M2 (3.2)
given by φ(x1, x2) = (φ1(x1), φ2(x2)) is an isometric immersion, which is
called a doubly warped product immersion
Theorem 3.3. Let (Ni, gi) and (Mi, g˜i), i = 1, 2 be Riemannian manifolds and
φ : Ni →Mi, i = 1, 2, be isometric immersions. Assume that
φ = (φ1, φ2) : N1f2×f1 N2 →M1ρ2×ρ1 M2
be a doubly warped product immersion between two doubly warped product
manifolds. Then
1. φ is mixed totally geodesic.
2. The squared norm of the second fundamental form of φ satisfies
‖hφ‖2 ≥ n1‖D ln ρ2‖
2 + n2‖D ln ρ1‖
2, (3.3)
where n1 = dimN1 and n2 = dimN2. Equality holds if and only if
φ1 : N1 →M1 and φ2 : N2 →M2 is both totally geodesic immersions.
3. φ are Ni-totally geodesic if and only if φi : Ni →Mi are totally geodesic
and D ln ρj = 0(i 6= j).
4. φ is a totally geodesic immersion if and only if φ is both N1- totally
geodesic and N2- totally geodesic.
Proof. Denote by ∇0 and ∇ the Levi-Civita connections of N1×N2 equipped
with the direct product metric and with doubly warped product metric, re-
spectively. Similarly, denote by ∇˜0 and ∇˜ the Levi-Civita connections of
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M1 ×M2 equipped with the direct product metric and with doubly warped
product metric, respectively.
From (2.1) for vector fields X,Y ∈ D˜1 and Z,W ∈ D˜2 we obtain.
∇˜XY = ∇˜
0
XY − g˜(X,Y )grad(ln ρ2) (3.4)
∇˜ZW = ∇˜
0
ZW − g˜(Z,W )grad(ln ρ1) (3.5)
∇˜XZ = ∇˜
0
ZX = X(ln ρ1)Z + Z(ln ρ2)X (3.6)
Denoted by hφ and h0 the second fundamental form of a doubly warped
product immersion φ = (φ1, φ2) : N1f2×f1 N2 → M1ρ2×ρ1 M2 and the
second fundamental form of the corresponding direct product immersion
φ = (φ1, φ2) : N1 × N2 → M1 ×M2, respectively. By applying (3.4), (3.5)
and (3.6), we obtain
hφ(X,Y ) = h0(X,Y )− g˜(X,Y )D(ln ρ2), X, Y ∈ D1 (3.7)
hφ(Z,W ) = h0(Z,W )− g˜(Z,W )D(ln ρ1), Z,W ∈ D2 (3.8)
hφ(X,Z) = 0, X ∈ D1, Z ∈ D2. (3.9)
The restriction of h0 to Di, i = 1, 2 are the second fundamental form of
φi : Ni → Mi, i = 1, 2. Hence, h
0(X,Y ) and h0(Z,W ) are orthogonal in
X,Y ∈ D1 and Z,W ∈ D2.
1. This follows from equation (3.9).
2. Let ei ∈ D1, i = 1, . . . , n1 and eα ∈ D2, α = n1 + 1, . . . , n1 + n2 be
orthonormal frame fields of N1f2×f1 N2.
||hφ||2 =
n1+n2∑
a,b=1
〈hφ(ea, eb), h
φ(ea, eb)〉
=
n1∑
i,j=1
〈hφ(ei, ej), h
φ(ei, ej)〉+
n1+n2∑
α,β=n1+1
〈hφ(eα, eβ), h
φ(eα, eβ)〉
=
n1∑
i,j=1
〈h0(ei, ej)− 〈ei, ej〉D(ln ρ2), h
0(ei, ej)− 〈ei, ej〉D(ln ρ2)〉
+
n1+n2∑
α,β=n1+1
〈h0(eα, eβ)− 〈eα, eβ〉D(ln ρ1), h
0(eα, eβ)− 〈eα, eβ〉D(ln ρ1)〉
=||h0||2 + n1||D(ln ρ2)||
2 + n2||D(ln ρ1)||
2
≥ n1||D(ln ρ2)||
2 + n2||D(ln ρ1)||
2.
3. If φ : N1f2×f1 N2 →M1ρ2×ρ1 M2 is a Ni−totally geodesic immersion, then
it follow from (3.7) and (3.8) that h0(Z,W ) = 〈Z,W 〉D(ln ρj) for Z,W ∈ Di.
Since D(ln ρj) and h
0(Z,W ) are orthogonal, we have h0(Z,W ) = 0 and
D ln ρj = 0. The first equation implies that φi is totally geodesic and the
second equation implies that grad(ln ρj)|Nj = grad(ln fj).
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Conversely, if φi is totally geodesic and D(ln ρj) = 0, then it follows
from (3.7) and (3.8) that h(Z,W ) = 0 for Z,W ∈ Di.
4. This follows from equation (3.9) and statement 3. 
Theorem 3.4. A doubly warped product immersion
φ = (φ1, φ2) : N1f2×f1 N2 →M1ρ2×ρ1 M2
is totally umbilical with mean curvature vector given by
Hφ = −(D ln ρ1 +D ln ρ2)
if and only if φ1 : N1 → M1 and φ2 : N2 → M2 are totally umbilical with
mean curvature vectors given by −D ln ρ1 and −D ln ρ2, respectively.
Proof. Assume that φ : N1f2×f1 N2 → M1ρ2×ρ1 M2 is a totally umbilical
immersion with mean curvature vector given by Hφ = −(D ln ρ1 +D ln ρ2).
Then, we have
h(X,Y ) = 〈X,Y 〉Hφ, ∀X,Y ∈ Di (3.10)
From (3.7) and (3.8) we get
h0(X,Y ) = 〈X,Y 〉Hi, ∀X,Y ∈ Di, H
i = −D(ln ρi) (3.11)

Theorem 3.5. Let φ = (φ1, φ2) : N1f2×f1N2 →M1ρ2×ρ1M2 be a doubly warped
product immersion between two doubly warped product manifolds. Then we
have
1. φ is Ni-minimal if and only if φi is a minimal immersion and D ln ρj =
0(i 6= j).
2. φ is a minimal immersion if and only if the mean curvature vectors of φ1
and φ2 are given by n
−1
1 n2f1
2D ln ρ1 and n1n
−1
2 f2
2D ln ρ2, respectively.
Proof. Let ei ∈ D1, i = 1, . . . , n1 and eα ∈ D2, α = n1 + 1, . . . , n1 + n2 be
orthonormal frame fields of N1f2×f1 N2. If φ : N1f2×f1 N2 →M1ρ2×ρ1 M2 is
Ni−minimal, then equations (3.7) and (3.8) implies that
Hi =
trace hi
ni
=
1
ni
ni∑
a=1
h(ea, ea)
=
1
ni
ni∑
a=1
(
h0(ea, ea)− 〈ea, ea〉D(ln ρj)
)
0 =
1
ni
ni∑
a=1
h0(ea, ea)−D(ln ρj)
trace h0i
ni
−D(ln ρj) = 0 (3.12)
Since D(ln ρj) and trace h
0
i are orthogonal, we have φi is minimal immersion
and D(ln ρj) = 0.
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Conversely, if φi is a minimal immersion and D(ln ρj) = 0 holds, then
it follows from equations (3.7) and (3.8) that trace hi = 0. Hence we have
statement (1) holds.
If φ : N1f2×f1N2 →M1ρ2×ρ1M2 is a minimal immersion , then trace h =
0. Now by applying equations (3.7) and (3.8) we get
trace h01
f21
+
trace h02
f22
− n1D(ln ρ2)− n2D(ln ρ1) = 0. (3.13)
Since D(ln ρj) and trace h
0
i are tangent to Mi we have
trace h0i
f2i
− njD(ln ρi) = 0.

Remark 3.6. If φi is a minimal immersion and fi, i = 1, 2 is a positive con-
stant, then φi is a minimal immersion.
Lemma 3.7. Let φ = (φ1, φ2) : N1f2×f1 N2 →M1ρ2×ρ1 M2 be a doubly warped
product immersion from a doubly warped product N1f2×f1 N2 into a doubly
warped product M1ρ2×ρ1 M2. The shape operator of φ satisfies
Aη1(X) = A
0
η1
(X1)− η1(ln ρ1)X2 (3.14)
Aη2(X) = A
0
η2
(X2)− η2(ln ρ2)X1 (3.15)
DXη1 = D
0
X1
η1 +X2(ln ρ2)η1 (3.16)
DXη2 = D
0
X2
η2 +X1(ln ρ1)η2 (3.17)
for X = X1+X2 ∈ Γ(TN), X1 ∈ D1, X2 ∈ D2 and η1 ∈ L(M1)∩Γ(TN)
⊥, η2 ∈
L(M2) ∩ Γ(TN)
⊥. Where A,D and A0, D0 are the shape operators and nor-
mal connections of a doubly warped product immersion φ = (φ1, φ2) : N1f2×f1
N2 → M1ρ2×ρ1 M2 and the shape operator normal connection of the corre-
sponding direct product immersion φ = (φ1, φ2) : N1 × N2 → M1 × M2,
respectively.
Proof. Assume that X1 ∈ D1, X2 ∈ D2 and η1 ∈ L(M1), η2 ∈ L(M2) are
normal to N = N1f2×f1 N2. By applying (3.7), (3.8), (3.9) and (2.4) we
obtain
Aη1(X1) = A
0
η1
(X1), Aη1(X2) = −η1(ln ρ1)X2 (3.18)
DX1η1 = D
0
X1
η1 DX1η1 = X2(ln ρ2)η1 (3.19)
Aη2(X2) = A
0
η2
(X2), Aη2(X1) = −η2(ln ρ2)X1 (3.20)
DX2η2 = D
0
X2
η2 DX1η2 = X1(ln ρ1)η2 (3.21)
Now, our assertion is clear. 
A doubly warped product manifold M1ρ2×ρ1 M2 is called a doubly
warped product representation of a real space form Rm(c) of constant sec-
tional curvature c if the doubly warped productM1ρ2×ρ1M2 is an open dense
subset of Rm(c).
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Theorem 3.8. let φ = (φ1, φ2) : N1f2×f1N2 →M1ρ2×ρ1M2 be a doubly warped
product immersion from a doubly warped product N1f2×f1 N2 into a doubly
warped product representation M1ρ2×ρ1 M2 of a real space form R
m(c).
1. The two partial mean curvature vectors H1 and H2 satisfify
〈H1,H2〉 =
∆1f1
n1f1
+
∆2f2
n2f2
− c (3.22)
2. The shape operator of φ satisfies
AH1Z = −
Hf2(Z)
f2
+ (
∆1f1
n1f1
− c)Z, Z ∈ D2 (3.23)
AH2Z = −
Hf1(Z)
f1
+ (
∆2f2
n2f2
− c)Z, Z ∈ D1 (3.24)
Where Hfi and Hfi are the Hessian tensor and the Hessian operator of fi
on N1f2×f1 N2, respectively, i.e. H
fi(Z,X) = 〈Hfi(Z), X〉, and ∆i is the
Laplacian operator of Ni, i = 1, 2.
Proof. In [7], Olteanu proved that for unit vector fields X ∈ D1 and Z ∈ D2
we have:
K(X ∧ Y ) =
1
f1
((∇1XX)f1 −X
2f1) +
1
f2
((∇2ZZ)f1 − Z
2f2). (3.25)
If we choose a local orthonormal frame e1, . . . , en1+n2 in such a way that
e1, . . . , en1 ∈ D1 and en1+1, . . . , en1+n2 ∈ D2 then (2.6) and (3.25) and (3.7),
(3.8), (3.9) yields
K(ei ∧ eα) = c+ 〈h(ei, ei), h(eα, eα)〉 − 〈h(ei, eα), h(ei, eα)〉 (3.26)
∆1f1
f1
+
n1
f1
(∇2eαeαf2 − eαf2) = n1c+ n1〈H1, h(eα, eα)〉 (3.27)
n2
∆1f1
f1
+ n1
∆2f2
f2
= n1n2c+ n1n2〈H1,H2〉. (3.28)
In (2.6) with choose X = Z = ei, i = 1 . . . , n1 and Y,W ∈ D2. Therefore
〈R(ei, Y )ei,W 〉 = −c〈Y,W 〉 − 〈h(ei, ei), h(Y,W )〉. (3.29)
Now Lemma (2.2) and direct calculation, gives
〈R(ei, Y )ei,W 〉 =
Hf1(ei, ei)
f1
〈Y,W 〉+
1
f2
Hf2(Y,W )
= 〈
Hf1(ei, ei)
f1
Y +
1
f2
Hf2(Y ),W 〉. (3.30)
Now from (3.31), (3.29) and (2.8) we have
〈−
∆1f1
f1
Y +
n1
f2
Hf2(Y ),W 〉 = −cn1〈Y,W 〉 − 〈n1H1, h(Y,W )〉 (3.31)
−
∆1f1
f1
Y +
n1
f2
Hf2(Y ) = −cn1Y − n1AH1(Y ) (3.32)
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Consequently, AH1Y = −
H
f2 (Y )
f2
+ (∆
1f1
n1f1
− c)Y. 
Corollary 3.9. The two partial mean curvature vectors H1 and H2 are per-
pendicular to each other if and only if the warping functions f1 and f2 satisfy
∆1f1
n1f1
+
∆2f2
n2f2
= c. (3.33)
Corollary 3.10. If the warping functions f1 and f2 are eigenfunctions of the
Laplacian operators ∆1 and ∆2 with eigenvalues
n1c
2
and
n2c
2
, respectively,
then the two partial mean curvature vectors H1 and H2 are perpendicular to
each other.
Corollary 3.11. When c = 0, if the warping functions f1 and f2 are har-
monic functions, then the two partial mean curvature vectors H1 and H2 are
perpendicular to each other.
4. Inequalities in doubly warped product manifolds
A. Olteanu [7] and S. Sular and C. O¨zgu¨r [9] studied a geometric inequality
and minimal immersion problem. By applying the above mentioned results
we reach to the following propositions.
Theorem 4.1 (A. Olteanu [7]). Let φ be an isometric immersion of an n-
dimensional doubly warped product N1f2×f1 N2 into an m-dimensional arbi-
trary Riemannian manifold M˜ . Then:
n2
∆1f1
f1
+ n1
∆2f2
f2
≤
n2
4
‖H‖2 + n1n2max K˜, (4.1)
where ni = dimNi, n = n1 + n2, ∆
i is the Laplacian operator of Ni, i = 1, 2.
and max K˜(p) denotes the maximum of the sectional curvature function of
M˜ restricted to 2-plane sections of the tangent space TpN of N at each point
p in N . Moreover, the equality case of (4.1) holds if and only if the following
two statements hold
1. φ is a mixed totally geodesic immersion satisfying n1H1 = n2H2, where
Hi, i = 1, 2, are the partial mean curvature vectors of Ni.
2. At each point p = (p1, p2) ∈ N , the sectional curvature function K˜ of
M˜ satisfies K˜(u, v) = max K˜(p) for each unit vector u ∈ Tp1N1 and
each unit vector v ∈ Tp2N2.
Corollary 4.2 (A. Olteanu [7]). Let φ be an isometric immersion of an n-
dimensional doubly warped product N1f2×f1N2 into a Riemannianm-manifold
Rm(c) of constant curvature c. Then:
n2
∆1f1
f1
+ n1
∆2f2
f2
≤
n2
4
‖H‖2 + n1n2c, (4.2)
where ni = dimNi, n = n1 + n2, ∆
i is the Laplacian operator of Ni, i =
1, 2. Moreover, the equality case of (4.2) holds if and only if φ is a mixed
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totally geodesic immersion satisfying n1H1 = n2H2, where Hi, i = 1, 2, are
the partial mean curvature vectors of Ni.
Corollary 4.3. Let N1f2×f1 N2 → R
m(c) be an isometric immersion of a
doubly warped product N1f2×f1 N2 into a real space form R
m(c) of constant
curvature c., and the warping functions f1 and f2 are eigenfunctions of the
Laplacian on N1 and N2 with eigenvalues
n1c
2
and
n2c
2
, respectively, Then,
the equality holds in
n2
∆1f1
f1
+ n1
∆2f2
f2
≤
n2
4
‖H‖2 + n1n2c, (4.3)
if and only if φ is a minimal immersion.
Proposition 4.4. Let N1f2×f1N2 be a doubly warped product of two Riemann-
ian manifolds whose warping functions f1 and f2 are harmonic functions.
Then
1. N1f2×f1N2 admits no isometric minimal immersion into any Riemann-
ian manifold of negative curvature;
2. Every isometric minimal immersion from N1f2×f1 N2 into a Euclidean
space is a mixed totally geodesic immersion.
Proof. Assume that φ : N1f2×f1 N2 → M˜ is an isometric minimal immersion
of a doubly warped product N1f2×f1 N2 into a Riemannian manifold M˜ . If
f1 and f2 are harmonic functions on N1 and N2, respectively, then inequality
(4.1) implies max K˜ ≥ 0 on the doubly warped product N1f2×f1 N2. This
shows that N1f2×f1 N2 does not admit any isometric minimal immersion into
a any Riemannian manifold of negative curvature.
When M˜ is a Euclidean space(c = 0) the minimality of N1f2×f1 N2 and
the harmonicity of f1 and f2 imply that the equality in (4.2) holds identically.
Thus, the immersion is mixed totally geodesic. 
Corollary 4.5. Let N1f2×f1N2 be a doubly warped product of two Riemannian
manifolds whose warping functions f1 and f2 are harmonic functions and one
of Ni, i = 1, 2 is compact. Then every isometric minimal immersion from
N1f2×f1 N2 into a Euclidean space is a warped product immersion.
Proof. Let φ : N1f2×f1N2 → E be an isometric minimal immersion and N2 be
compact. Since f2 is harmonic, by applying lemma 2.3 and the compactness
of N2, we know that f2 is a positive constant. Therefore, the doubly warped
product N1f2×f1 N2 can be expressed as a warped product N˜1 ×f1 N2 where
N˜1 = N1, equipped with the metric f
2
2 g1 which is homothetic to the original
metric g1 on N1. Now, Theorem 5.2 in [2] implies that φ is a warped product
immersion. 
Proposition 4.6. If f1 and f2 are eigenfunctions of the Laplacian on N1 and
N2 with eigenvalues n1λ and n2λ, λ > 0,(or with eigenvalues λ) respectively,
then N1f2×f1 N2 does not admit an isometric minimal immersion into any
Riemannian manifold of non-positive curvature.
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Proof. The Inequality (4.1) implies that n1n2max K˜ ≥ λ > 0. Hence, the
space M˜ cannot be non-positive curvature. 
Proposition 4.7. If N1 is a compact Riemannian manifold and f2 is a har-
monic function on N2, then
1. Every doubly warped product N1f2×f1 N2 does not admit an isometric
minimal immersion into any Riemannian manifold of negative curva-
ture;
2. Every doubly warped product N1f2×f1 N2 does not admit an isometric
minimal immersion into a Euclidean space.
Proof. Assume N1 is compact and φ : N1f2×f1 N2 → M is an isometric
minimal immersion of N1f2×f1 N2 into a non-positive curvature Riemannian
manifold M . From harmonicity of f2 and inequality 4.1 we have
∆1f1
f1
≤ n1n2max K˜ ≤ 0.
Since the warping function f1 is positive, we find ∆
1f1 ≤ 0. Hence. it follows
from Hopf’s lemma 2.4 that f is a positive constant. We have max K˜ = 0,
which implies (1).
In M = Em, the similar proof as case (1), f1 is a positive constant.
Hence the equality case of (4.2) holds and φ is mixed totally geodesic. Since
f is a positive constant, then doubly warped product N1f2×f1 N2 is a warped
product of the Riemannian manifold (N1, g1) and the Riemannian manifold
N˜2 = (N2, f
2
1 g2), that is N1f2× N˜2. By applying a result of No¨lker in [6], φ is
warped product immersion, say
φ = (φ1, φ2) : N1f2× N˜2 →M = E
m1 × Em2
By Theorem 3.5, φ is minimal, φ1 : N1 → E
m1 is minimal since φ is minimal.
This is impossible by Lemma 2.2 since N1 is compact.

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